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V (q) = V ∗,
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pq³bsb
t­py]`b'pq³2}Á}¨Ãpr]`b
a¯py}§Łob!prb
wra,xt`bcgny]­b8zTuxx®wyxu`a
:}xtOprns±e:

u`pyx}tn¹wyb:b
wy¨©}wra,bsŁ3wyut`t`xt` |j }Twyxpy]a ³x¶pr]§8g1wypyx{!bsntŁsT
xpybswrpyx}tnÃ¨©}w2pr]`b a'b
pra'}oŁobsJ±¹\^]`b wrbsnyu`prn2wrbg{prb
w^!}a,wyb8ŁU³xpy]*py]`b }wrxxt:|Ãºg a,}oŁobsJ±
\^]bŁow-a'xt`xa,x¬8pyx}t`wr}®`b
a=F
? GÃxn2t`}³æ¨©}Twya3u`pyb8Ł³x¶pr]`}u`ppr]`bnqp®`x¶pql
}tn«pywxtOp³]`xb
UTb
bs`xt3pr]`b ¸}Tu`a,bt1Ł*pr]`b®:}?·!}TtnqprwrxtOp8±
minq FD(q)
s.t. V (q) = V ∗
q ≤ q ≤ q¯
\^]b}³2b
wtŁu`1bsw®1}?·Á!}t1nqprwrxtOprn^wybxtÁ}Tu`w`x{
pyx}tx¸b
t®ml
q = (0.03, 0.03,−1.0, 0.5, 0.5), q¯ = (0.08, 0.08,−0.5, 0.8, 0.8).
joxt
bpy]b3n«pr®xx¶pqlÁ!}Ttn«pywxtTpgxnet`}pgTprx¸Tb-ppr]`b-}Topyxa-ua ³2b¨©}Tu`tŁ§xt§py]b`wrb
¸mx}Tunes{!uo¼
{prx}Ttn^³2bb
·o1b8ppy}'µt1Ł,nyxa,xwwyb8n«u¶p8± TãtŁob
b8Ł*³2b]?¸Tb
q∗ = (0.08, 0.030277,−1, 0.8, 0.64325)
³]x]lmxbsŁ`n
FD = 5.35967, Re(λmin) = 0.0778279, V = 0.00197193.
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
}a,wyx{n«}TtU³xpy]Ápy]b}Twyxxt:a,}oŁobs4n«]}³n3T}m}mŁTwybsb
a,b
tOp^}¨py]`bwrbsnyu`prn
FD = 5.36048, Re(λmin) = 0.0777728, V = 0.00197193.
\^]bµ1wrn«p!}a,:}t`bstOp+}¨pr]`bb
xbsto¨©u`t!pyx}t3¨©}w+py]b^²}³ wr}utŁpr]`b}oprxa`ŁobsnyxTt
q∗
x{n¹`}pypyb8Ł
xt^x1±?±
^xu`wrbd?I+xbsto¨©u`t!pyx}t§nrn«}o
xpybsŁUpy},pr]`bn«absn«pb
xb
tm¸u`b¨©}wŁ`bsnyxTt
q∗
\^]b'wy}T®`bsa }¨py]`ba·oxa,x¬8pyx}t­}¨py]`bUnyab8nqp b
xbstO¸u`b'x{n ³wyxp«prb
tªn a,xtxa,x¬sprx}Tt­}¨
pr]`bt`bsTprx¸Tbnyab8nqpbsxTb
tm¸u`b±
minq −Re(λmin(q))
s.t. V (q) = V ∗
q ≤ q ≤ q¯.
gn^}oprxa3u`a¿³2b }®opxt
q∗∗ = (0.08, 0.03,−0.660609, 0.8, 0.677202)
³]x]lmxbsŁ`n
FD = 5.41806 Re(λmin) = 0.0783713, V = 0.001972.
ce}pÃnyu`wr`wyx{nyxt`TlT»?¨©}w¹pr]`x{n¹1}TxtOp³2b^]?¸bwyTb
w+b
xbstm¸?ub2xt!}Ta-®`xtprx}Tt3³xpy]U{wrbsw+Ł`wr
xtŁox{
pyxt` prwrTŁob!¼À}Eﬂ*®:b!pq³2b
bst,py]`bpq³}T}T{ns±fa}³2b
¸Tb
w8»py]beŁoxﬃﬂ:bswybst!b8nÃwrbzOu`xpybenyaJ»On«]`}³^¼
xt`*py]pepy]b-pq³2}*T}T{nwybt}ppy}pl§tTpT}t`x{nqprx±e¨Ã!}Tu`wn«bT»1xp³2}uŁÁt`}³®:b'xtOpybswyb8nqprxt
pr}*nyb
b py}*³]peb
·mpyb
tOpexpgx{n:}Tnrnyx®`b py}.Ub
bsÁpy]`b-¸?ub}¨¹}tb}®o~qb8prx¸Tb³x¶pr]`}uopg}On«xt`xt§py]`b
}py]`bsw}®o~qb8prx¸Tb3pr}m}a3u]±*\^]xn x{nŁo}Tt`bxt°pr]`b,¨©wra,b
³2}w)U§}¨2cgny]ªTa,bnyxa3u`pyx}t°³]`x{]
³^n^Łob8ny
wyx®:bsŁxt§jmb8pyx}t @`±T±
Tãt'}uw
nyb2³b!}TtnyxŁobswpy]`bŁow n`wrxa,wyl ¨©utprx}TtQ»
JA = FD
tŁ3py]`bnyab8nqp¹b
xbstm¸?ub
Tnnybs!}TtŁ`wyl¨©utprx}TtQ±jmxt1!b³2b³2tOppy]`b¨©u`tprx}Tt{npr}]?¸b:}Tnyxpyx¸b¸u`bsne³b ¨©}o
un}Tt
pr]`ba,}oŁox¶µ1bsŁ¨©u`t!pyx}tJ»
JB = e
β(−Re(λmin)+Re(λ
∗
min))
»
efe
Ög/h,h,i,j
*?   (0ﬂ! (0ﬂ
	&ﬂ! !/-	!K,+,
'(, + ﬃ!ﬂ ﬂ!K'ﬀf!!/ﬁ!
minu∈U JA(u) = FD(u)
s.t. V (u) = V ∗
q ≤ q ≤ q¯
minw∈W JB(w) = e
β(−Re(λmin(w))+Re(λ
∗
min))
s.t. q ≤ q ≤ q¯
FQEG
ae}³bs¸bsws»0p
q∗
³2b']1?¸b
4
Tpyx¸b,!}Ttn«pywxtTpn
»Ita,b
lÁpy]`b¸T}u`a,b'
}tn«pywxtOpt1Łpr]`wybsb3®:}?·

}tn«pywxtOprns±¨×pybswwy}~qbsprx}Tt}tLpy]`b8n«b,!}Ttn«pywxtTpnpr]`b
wrb3x{ng}t`l§}t`b'Łob
Twybsb-}¨¨©wybsbsŁo}Ta b
¨×ps»
³]x] 
t­]1wŁolL®1bunybsŁ­¨©}Tw-Án«`xp}¨2pyb
wrwrx¶pr}wrxb8n
±ºgu`bpy}Ápr]`x{nu`to¨á?¸T}u`w®`b,n«xpyupyx}t°³b
³^tOpgpy}*a,}oŁox¨©lÁpy]`b3¨©}wra-upyx}tLtŁLTnynyu`a,b}tb-µ`·ob8Ł§®1}?·L
}tn«pywxtOpeb!·o:bs!pyxt`*pr]p }pr]`b
w
®:}?·§!}t1nqprwrxtOprn2pru`wrtxt1prx¸Tbpy]b
t± TãtŁ`b
bsŁ»1x¨³b Ub
bs
q4 = 0.7
µ`·obsŁtŁÁ}`pyxa'x¬
b
JA
}¸bsw
pr]`bwrb
axt`xt`-¨©}Tu`w¸wrx®`bsn^³2b}T®oprxt
q∗∗∗ = (0.08, 0.0319559,−0.842778, 0.7, 0.675183)
³]x]lmxbsŁ`n
FD = 5.39037 Re(λmin) = 0.073795, V = 0.00197192.
Tãtpy]xnsnyb»`wyp¨©wr}a¾py]`b µ`·ob8Ł¸u`b¨©}Tw
q4
»³b ]?¸Tbg}Tt`l*}t`b a,}wrbprx¸Tbg®:}?·
}tn«pywxtOp
}Tt
q1
p
q∗∗∗
³]x],`:bswrnxtms{!u`{prx}Ttn+tŁ'nyb
b
anpr}®:b^xtb
¸mx¶p®`b± abst!b^³2b!}t1n«x{Łob
w
wrbsŁou1!bsŁ­`wr}®`b
ai}¨2¨©}u`wŁob8n«xt°¸wrx®`bsns±'\^]`bbsxTb
tm¸u`bsn}¨Ãpy]b absnrnyxt­aprwyx·
H ′A
}¨
JA = FD
³xpy]`wr}~qbs!pyx}t}Ttpy]`bwŁ`xbstTp}¨0py]bg¸T}u`a,bg!}Ttn«pywxtTp2p
q∗∗∗
tŁU}tpr]`bTprx¸Tb
®:}?·
}tn«pywxtOp^Tn^b!·o`{xt`bsŁ®:}¸b wrbpy]`bstTx¸Tb
t®ml
µ′1 = 0.0000, µ
′
2 = 0.0000, µ
′
3 = 8.2654, µ
′
4 = 0.8681.
\^]b 
}wrwyb8n«:}t1Łoxt3bsxTb
tm¸b8py}Twrn2wrbŁob
t}pyb8Ł*®ml
{ω1, . . . , ω4},
³]b
wrb
ω1
®1bs}Tt`Tnpy}Upr]`b-®:}?·!}TtnqprwrxtOp
q∗1 = q¯1
tŁ
ω2
py}Upy]`b'wŁoxb
tOp}¨¹py]`b3¸}u`a,b3
}to¼
n«pywxtOps±+\^]`b`wy}~qbs!pyx}tUbsTŁ`npr}'tUb
xa'xtpyx}t*}¨py]beµwn«p2¸wrx{®`bxt:}pr]`b
w2b
xbstO¸Tbs!py}wns±
\^]b
wrb!¨©}wrb»m³2b
tt`b
Tb8p^py]xn¸wyx{®`bxtpy]`b ¨©}Tw«pr]!}Ta,xt`,

u`{pyx}t1n2tŁ³b wrb b
¨×p^³xpy]
pr]`wrb
b¸wrx®`bsn^¨©}Tw³]`x{]§³bstŁob
µt`b-ny`x¶pe}¨+pyb
wrwrx¶pr}wrxb8n
±^jmxt1!b
µ′4
x{nenya4!}Ta,wrbsŁpy}
µ′3
³b*Tnynyxtªpy]b*n«1!bn«t`t`b8Łª®Ol­py]b*b
xbstm¸bs!py}Tw!}wrwrbsny1}TtŁoxt`py}
µ′4
py}§pr]`bnybs
}tŁ`wyl
¨©utprx}Tt
JB
±¹\^]`b
wrb!¨©}TwybT»O³2b Łobs
xŁob¨©}Tw^, 3
¼Àny`x¶p F
u1 = ω2, u2 = ω3, w1 = ω4
G2tŁnqpwyp^
cgny]Oa,bpy}ny}¸bpy]`bwy}T®`bsa FQG±
¦
b }®opxtpr]`b ¨©}}³xt`,ceTn«]bszOu`xx®`wrxu`a¿:}xtOps»
q = (0.08, 0.0317536,−0.74314, 0.7, 0.686912).
^}w^pr]`xneŁobsnyxTt:}xtOp³b]?¸Tb
FD = 5.39474, Re(λmin) = 0.0742049, V = 0.00197192.
¦
b-}T®nyb
wr¸bpy]pepr]`b
wrbx{ne}Tt`lÁa,}oŁobsn«pgxt
wyb8nyb}¨+py]`b'n«absn«peb
xbstm¸?ub®ml
0.56%
±c[u`ps»
TnŁobsnyxwyb8Ł0»mpy]`bŁ`wr']t`b8n2b8nyns»o³x¶pr]§3wrb
{prx¸Tb xt
wyb8nybg}¨
0.08%
±
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^xu`wrb @I+xbsto¨©u`t!pyx}t§nrn«}o
xpybsŁUpy},pr]`bn«absn«pb
xb
tm¸u`b}¨¹ceTn«]bszOu`xx®`wrxuaËŁob8n«xt
q
\^]bUŁobsnyxTt­}¨pr]`bUceTn«]°bszOu`xx®`wrxu`ai:}xtOppy}Tb!pr]`b
w³xpy]°py]b,µwrn«p!}Ta':}tb
tOp}¨2py]`bbsxTb
to¼
¨©utprx}Tt}¨4pr]`bn«absn«pb
xb
tm¸u`b x{nn«]`}³txt$^x± @`±
Tãtt`b
·mp^n«pybs*³2bg³^tOpÃpr}'n«pyu1Łol]`}³æpy]bcgny]*bszOu`xx®`wrxu`a 1}TxtOpnbs¸}T¸Tb³]`b
t³bwŁ`ul
a,}¸TbÃ¨©wr}a }Tt`b2}®o~qb8pyx¸b2pr} t`}pr]`b
w8±\^]b
wrb!¨©}wrb»³2b2xtOpywr}oŁou
b^g¨©u`t1pyx}t1
JAB
py}Tb
py]`bsw³xpy]
ny}a,b wra'b
pybsw
ε
tŁÁ!}TtnyxŁobsw2py]`b ¨©}T}³xt'
}t
u`wywrb
tOp}`pyxa'x¬spyx}t`wr}®`b
aÁ±
minu∈U JA(u) = FD(u)
s.t. V (u) = V ∗
q ≤ q ≤ q¯
tŁ
minw∈W JAB(w) :=
JA(w)
J∗
A
+ ε(θ JB(w)J∗
B
− JA(w)J∗
A
)
s.t. q ≤ q ≤ q¯
³]b
wrb
JB(w) = e
β(−Re(λmin(w))+Re(λ
∗
min))
tŁ
0 < θ ≤ 1
±
\^]b®1bs]?¸mx}Tu`wxnexunqprwrpyb8Łxt ^x1±,³]`x{]§n«]}³n^py]`b-wa,b!prb
w
ε
}tpy]`b-wrt`b
[0, 1]
±
¦
b
Ł`b
`x{p3py]`b¸?ubsn3}®opxt`bsŁª¨©}Twpr]`b*a,b!pa,}oŁob
^p3py]`b¸wrx}Tun-Łob8n«xt :}xtOprn'n3³bs2n-py]`b
¸u`b8n }¨^py]b}wrxTxt+a'}oŁobsJ±
¦
b
tªnyb
b,py]1p¨©}w3n«a¸u`b8n }¨
ε
py]bUb
xbstO¸u`bstª®1b
xt
wyb8nybsŁ0»1³]`xbpr]`b,Łowrwybsaxtnea,}Tn«p
}tn«prtOps± ae}³bs¸b
w8»`pr]`b-at`xpyuŁ`b-}¨¹pr]`b3]1t`Tb
x{nzOu`xpybnya,Q±
¦
b]1?¸b
F ′D(ε) = 0
p
ε = 0
nn«prprbsŁxt V 1YXÀ±
  
Áﬀ ﬀﬁﬃ)&
^}wn«]1b,}Topyxa,x¬8pyx}t­`wr}®`b
a¯xt°]OloŁowr}oŁolmta,x{-n«pr®`xxpqlL!}TtTprwy}T³2b,]?¸b3b!·mpybstŁob8Ł­t
b
·oxn«pyxt`tOua'bswyx{
¹ny]`bsa,b±
¦
b,]?¸b,!}Ttnqprwyu1pyb8ŁLa,b!pra,}mŁ`b
¹®Tn«b8Ł}t­wrTŁox{+®nyx{ne¨©ut¼
prx}Ttnpr}­``wr}?·mxaprb,py]`b*¨©u`tprx}Ttn3}¨ŁowLtŁ nqp®`xx¶pql­py}°n«:b
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